Abstract: We present an analytic expression for the two-loop QCD corrections to the decay process b → u W * , where b and u are a massive and massless quark, respectively, while W * is an off-shell charged weak boson. Since the W -boson can subsequently decay in a lepton anti-neutrino pair, the results of this paper are a first step towards a fully analytic computation of differential distributions for the semileptonic decay of a b-quark. The latter partonic process plays a crucial role in the study of inclusive semileptonic charmless decays of B-mesons. The three independent form factors characterizing the bW u vertex are provided in form of a Laurent series in (d − 4), where d is the space-time dimension. The coefficients in the series are expressed in terms of Harmonic Polylogarithms of maximal weight 4, and are functions of the invariant mass of the leptonic decay products of the W -boson.
Introduction
The measurements of inclusive semileptonic B meson decays, such asB → X u lν and B → X c lν, allow a precise determination of the CKM matrix elements |V ub | and |V cb |. The latter are relevant for the study of flavor and CP violation in the quark sector (for a recent review see [1] ).
Total decay rates of the B meson are described by a local Operator Product Expansion (OPE) in inverse powers of the b-quark mass m b . To leading order in 1/m b , the total B meson decay rate is equivalent to the decay rate of an on-shell b quark, which can be calculated in perturbation theory [2] . Many authors contributed to the calculation of the radiative corrections to the total decay rate of b → u lν and b → c lν, at O(α S ) [3, 4] and O(α 2 S ) [5] [6] [7] [8] [9] [10] [11] [12] . However, experimental collaborations need to impose cuts (also severe) on the kinematic variables. For instance, in charmless semileptonic decays, the need to suppress the charm background (which is ∼ 50 times larger than the signal) forces one to restrict the measurements to the "shape-function region", in which the hadronic final state has large energy (E X ∼ m b ), but only moderate invariant mass (∼ m b Λ QCD ). It is therefore of great interest to consider differential decay distributions, from which it is possible to derive predictions for partial decay rates with arbitrary cuts. In this context, a first important set of results was obtained in [13] , where it is possible to find analytic expressions for the NLO triple-differential distribution of the semileptonicB → X u lν decay together with several double and single differential distributions for the same process. The resummation of threshold logarithms to next-to-leading approximation in the b → u transition was considered in [14] . Higher order contributions toB → X u lν decays were considered in [15] [16] [17] [18] and, very recently, the full NNLO QCD corrections to the partonic process b → c lν were obtained in [19] . Since the OPE applies only to sufficiently inclusive quantities, different frameworks were developed in order to account for effects due to cuts on the kinematic space [20] [21] [22] [23] [24] [25] [26] . In particular, in the shape-function region, Soft Collinear Effective Theory (SCET) provides an appropriate framework for the evaluation of the triple-differential distribution of the inclusive semileptonic decayB → X u lν. The NLO analysis of the latter process within the SCET approach is presented in [22, 23] . At NNLO, the situation is more complicated, but the jet and soft functions are known to O(α 2 S ) in perturbation theory [27, 28] . The only missing piece is the hard function, which can be obtained from the two-loop QCD corrections to the decay of a b-quark into a u-quark and an off-shell W -boson [29] . On the other hand, these virtual corrections can be considered as a first step towards an exact evaluation of the NNLO QCD corrections to the heavy-tolight quark transition. To complete the latter calculation, it is also necessary to take into account the real emission.
In this work we focus on the calculation of the two-loop QCD corrections to the decay process b → u W * . We provide an analytic expression for the three independent vertex form factors characterizing the coupling of the quark current with the charged weak boson. These form factors are evaluated by employing a set of techniques which are by now standard in multiloop calculations (see for instance [30] ). We generate the relevant Feynman diagrams with QGRAF [31] . The form factors are extracted directly from the Feynman diagrams by means of projector operators. The whole calculation is carried out in Dimensional Regularization (DR); UV and IR (soft and collinear) divergencies appear as poles in (d−4), where d is the space-time dimension. Since we work in DR, a prescription for handling the matrix γ 5 in d-dimensions must be chosen. We employed a γ 5 which anticommutes with γ µ in d-dimensions. This prescription is appropriate for the case under study, since it is known that the diagrams that we consider fulfill a canonical (non-anomalous) Ward identity. After applying the projectors, the contribution of individual Feynman diagrams to the form factors is given by a combination of dimensionally regularized scalar integrals. These integrals are related to a small set of master integrals (MIs) by means of the Laporta algorithm [32] . The MIs are evaluated by employing the Differential Equations method [33] and they are expressed as Laurent series in (d − 4). The coefficients of the series are given in terms of Harmonic Polylogarithms (HPLs) [34] of a single dimensionless variable
, where q 2 is the squared momentum carried by the W -boson and M l is the lepton pair invariant mass. Since y is negative in the physical region (−1 ≤ y ≤ 0) we perform an analytic continuation y → −x − i0 + , where now x = M 2 l /m 2 b , 0 ≤ x ≤ 1. The analytic continuation is indeed completely trivial, since all the HPLs appearing in the result are real for −1 ≤ y ≤ 0. The form factors found with the above procedure still contain UV and IR divergencies. It is possible to get rid of the UV divergencies by means of the renormalization procedure. We renormalize the form factors in a mixed scheme: the heavy-and light-quark wave functions and the heavy-quark mass are renormalized in the on-shell (OS ) scheme, while the strong coupling constant is renormalized in MS scheme. The results shown in this paper contain IR divergencies. In order to cancel them, it is necessary to combine these results with the appropriate jet and soft functions [22] . Analogously, one can add the exact real emission and consider physical observables which are sufficiently inclusive with respect to the hard and soft radiation.
The paper is structured as follows. In section 2, we introduce the Feynman diagrams involved in the calculation and we discuss their structure in terms of form factors. In section 3, it is possible to find the details of the UV renormalization procedure. In sections 4 and 5, we collect the analytic expressions of the UV renormalized one-and two-loop QCD corrections to the form factors, respectively. The expressions of the bare form factors as well as the contributions of the individual diagrams to the form factors can be found in [35] . In section 6, we discuss the Ward identity relevant for the b → u W * decay and we prove that our form factors satisfy it. We also provide the analytic expression of the oneand two-loop QCD corrections to the scalar vertex in which the pseudo-Goldstone boson couples to the quarks, since it enters in the Ward identity fulfilled by the bW u vertex. Our conclusions can be found in section 7. Finally, in appendix A we collect the set of MIs employed in the calculation.
Feynman Diagrams and Form Factors
We consider the decay process b → u W * → u lν l . The bottom quark of mass m b carries a momentum P and decays in an up-quark (considered as massless) which carries momentum p and a W -boson of momentum q = P −p. Subsequently, the W -boson decays in the pair lν l of squared invariant mass M 2 l = −q 2 . The mass-shell conditions are such that P 2 = −m 2 b and p 2 = 0. The Feynman diagrams contributing to the two-loop QCD corrections to the decay process b → u W * are shown in Fig. 1 . The most general vertex correction in the Standard Model can be described in terms of six form factors F i and G i (i = 1, 2, 3): 1) whereq µ = P µ + p µ . The spinors u(p) and u(P ), multiplying Eq. (2.1) from left and right, respectively, are not written down explicitly. We define
Since the u-quark is taken as massless, only three of the above form factors are independent. By replacing 2) in Eq. (2.1), we find the following relations among the form factors in Eq. (2.1):
Consequently, using the definitions 1 P L = (1 + γ 5 )/2 and P R = (1 − γ 5 )/2, we can rewrite the vertex structure as follows:
1 We employ the notation and conventions of [44] . In particular, in our notation γ5 = −γ is the matrix commonly employed in the Bjorken-Drell notation.
(a) 
UV Renormalization
The UV renormalization is performed by subtracting the one-loop sub-divergencies and the two-loop over-all divergencies. We renormalize the heavy-and light-quark wave functions and heavy-quark mass in the on-shell (OS ) scheme, while the coupling constant α S is renormalized in the MS scheme. Neglecting for the time being mass renormalization, the bare and renormalized form factors satisfy the relation
where in the functions G we dropped the subscript i = 1, 2, 3. The perturbative expansion of the various quantities in the equation above is
where we defined
Therefore, the one-loop renormalized amplitude is given by
where we already took into account the fact that δZ
2,u = 0 in the on-shell scheme. The two-loop renormalized amplitude reads instead
To account for mass renormalization, it is sufficient to add the contribution of the counter term diagram in Fig. 2 to the r. h. s. of the equation above.
The renormalization constants are the following:
where µ is the renormalization scale and the constants f 1 , · · · , f 4 are [36] 
The factor C(d) is
After UV renormalization, the vertex form factors still contain poles in 1/(d−4), which are associated to soft and collinear singularities. 
One-Loop Form Factors
In this section we collect the analytic expression of the one-loop renormalized form factors defined in Eq. (2.5). In the formulas below, C F = (N 2 c − 1)/2N c is the Casimir operator of the fundamental representation of SU (N c ), where N c is the number of colors (in the SM N c = 3).
The form factor G
is given by 1) where the first four coefficients in the expansion in (d − 4) are
The form factor
with
Finally, the form factor
where
Note that the IR poles of the form factor G (1l) 1
exponentiate. This means that from the O(α 2 S ) expansion of the form factor
we can predict exactly the 1/(d − 4) 4 and 1/(d − 4) 3 poles of the C 2 F part of the two-loop form factor G 
Two-Loop Form Factors
In this section we collect the analytic expression of the two-loop renormalized form factors defined in Eq. (2.5). In the expressions below, C A is the Casimir operator of the adjoint representation of SU (N c ), C A = N c , T R is the normalization factor of the color matrices, T R = 1/2, N l is the number of massless quarks in the theory, and N h is the number of quarks of mass m b . Therefore, for the decay b → u W * in the SM, N l = 4, and N h = 1. In the finite part of the form factors given below, the constant K is a rational number. Its numerical value is K = 3.32812±0.00002, and its analytical value is likely to be K = 213/64. We observe that the following formulas involve HPLs of argument x and of maximal weight 4. If desired, the HPLs appearing in the equations below can all be rewritten in terms of product of Nielsen Polylogarithms of more complicated argument. Because of the chosen renormalization scheme, our results depend on the renormalization scale µ. In the formulas below, we employ the following notation:
The form factor G (2l) 1
can be written as 2) where the coefficient of the expansion in (d − 4) (up to the finite term) are
3)
2 ) − 480 ln (2)(10
2 ) + 19440 ln (2)(10 − 22x + 5x
+(540(x − 1)(4 + 50x + 5x 2 + 8x 3 ) + 540 ln (2)x(38 − 58x + 40x 2 − 11x 3 ))ζ (2) +36x(364 + 317x + 108x
The form factor G (2l) 3
can be written as
(5.14)
We checked our results for the form factors G
i (x) i = 1, 2, 3 against the calculation of Martin Beneke, Tobias Huber, and Xin-Quing Li [37] and we found complete analytical agreement.
Ward Identities
We explicitly checked that the UV renormalized form factors satisfy the on-shell Ward identity 2
where φ is the charged pseudo-Goldstone boson and the gray circles represents the sum of all two-loop one-particle-irreducible QCD corrections to the vertices. The Lorentz index associated to the W -boson is saturated by the boson momentum q µ . In order to satisfy the relation in Eq. (6.1) it is necessary to renormalize also the factor m b appearing in the tree-level φ + ub coupling. The relevant NNLO mass counter term can be found in [36] . The two-loop corrections to the scalar coupling of the pseudo-Goldstone boson to quark can be absorbed in a single form-factor S, defined as follows
The UV renormalized form factor has the following perturbative expansion in α s :
with S (0l) = 1. The one-loop form factor S (1l) is given by
After UV renormalization (including the renormalization of the Yukawa φ + ub coupling), the coefficients of the expansion in (d − 4) are
5)
The two-loop form factor S (2l) is given by (6.9) where the coefficient of the expansion in (d − 4) are
10)
(66 + 56x
H(1; x)
When written in terms of form factors, the Ward identity in Eq. (6.1) reads as follows:
14)
It can be checked that the form factors presented in this paper fulfill Eq. (6.14).
Conclusions
In this paper, we presented analytic expressions for the two-loop QCD corrections to the decay process b → u W * → u lν. This process is important for the precise determination of the CKM matrix element V ub and, therefore, for the study of flavor and CP violation within and beyond the Standard Model of fundamental interactions. The Lorentz structure of the process is parametrized in terms of three form factors, whose analytic expression are given in the form of a Laurent series of (d − 4), where d is the space-time dimension. The coefficients of the series are expressed in the well known functional basis of harmonic polylogarithms of a single dimensionless variable. The result can be used in a SCET framework, after combining it with the jet and soft functions already known in the literature, for a phenomenological determination of |V ub |. The results presented here are the first step towards a complete determination of the NNLO QCD corrections to the heavy-to-light quark transition.
A. The Master Integrals
In this Appendix we collect the analytic expressions of the Master Integrals for the Feynman diagrams of Fig. 3 . We provide only eight of them, since the other MIs can be found in [41, 42] . It must be pointed out that the MIs (a)-(f) in Fig. 3 were already calculated in [43] . We checked the analytic expressions that we obtained against the results in [43] and we found complete agreement. Moreover, all the MIs were checked by comparing their numerical value to the results obtained by direct numerical integration with the sector decomposition method. The numerical integration was carried out by using the package FIESTA (see [40] ). The checks were done for several values of the variable y. The explicit expression of the MIs depends on the chosen normalization of the integration measure. The integration on the loop momenta is normalized as follows 1) where C(d) is defined in Eq. (3.16) . In Eq. (A.1) µ stands for the 't Hooft mass of dimensional regularization. The integration measure in Eq. (A.1) is chosen in such a way that the one-loop massive tadpole becomes
In the expressions below, K is a rational number (its numerical value is K = 3.32812 ± 0.00002 ∼ 213/64), while a 4 = Li 4 (1/2) = 0.51747906.... ζ(2) and ζ(3) are the Riemann ζ function evaluated in 2 and 3 respectively: ζ (2) 
